EXAMPLE QUESTION ANSWERS

1. We have,
422 4+ 2
x3 —4x? + 4x + 222 — 8x + 8
Factorising the denominator gives,
422 + 2
(x 4+ 2)(z — 2)2
We then separate this into partial fractions as follows,
422 +2 A B C
Cr2@—22 42 z-2 @w—2p
A(x —2)2+ Bz +2)(x — 2) + C(z + 2)
(x+2)(x — 2
Equating the resulting numerators gives,
12242 =A(x -2+ Bz +2)(z —2) + C(z +2)
We then substitute in x = —2,

16A =18
18 9
16 8
Similarly substituting in x = 2 gives,
4C' =18
18 9
C = — =
4 2

Now comparing coefficients of 22 we get,
Az? + Ba® = 42

Substituting in A = % gives,

9
Z22 + Ba? = 422

2
2
B2
8
Therefore our final answer is,
4z% + 2 9 23 9

@+2)@—22 B8z+2) B8z—2) 2

(z—2)?
2. We start from the equation in polar coordinates,
472 4 13 cosh — 3 = rsind

We know 22 + 42 = r2, = rcosf and y = rsiné, so we try to make our equation include terms of
this form.

4r% 4+ 1r%(rcosf) — 3 = rsinf
So we can now substitute in for the terms we know.
42+ + (@ +y)r -3 =y
(@® +y*)d+2) =y +3

And this is our final equation in terms of Cartesian coordinates (z,y).
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3. We have s = 103 — tPe~?, differentiating this gives,

ds
p = 5ttt et

=e it —5)
Setting this derivative to zero gives either ¢ = 0 or ¢ = 5 as our solutions.
d*s

== —20t3e™t + 5tte™t + 5ttet — tPet

= 2083 + 10te~t — tPe?

Substituting in ¢t = 5 gives % < 0 so the maximum occurs at ¢t = 5.

We now substitute this back into our equation for s to get the maximum speed of the car,

5 =103 — (5)% 5
=103 — 21.056
=819

so the maximum speed is 81.9mph which occurs at time ¢ = 5.

4.
3 4x 3 nyS 4x
/ / zy? — 327 + 4y dydx:/ {3x2y+2y2} dx
z=1Jy=1 r=1 3 1
[0 s T 0y
*/mzl I
B 642°  12z*  352® 22 ) 3
B R
16358
15
d(y?) | d(—2z) d(zy)
F = _
5. (a) ¥ e i =0
(b)
d d(—2 (d d(y? - /d(—2 d(v?
ox i) A2 gldey) dohY | d%) A
dy dz dx dz dzx dy
:xi—yj—(2+2y)f{
(c)
df df df .
= - —_ 2
vf (d:c’ &y dz) (2xy, 2%, 327)
6. We have,
d*y y
52— dy = 1063
72 —|—5d Y Oe

We first solve the homogeneous ODE by letting y = e™*, this gives:

m?+5m—14=0
(m+T7)(m—-2)=0

Cont.
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so m = —7 or m = 2 and our complementary function is,
yor = Ae” ™ + Be*®
We now try y = Ce3® to try and find the particular integral, this gives

9Ce™ + 150> — 14Ce®” = 10"
10Ce** = 10e**
c=1
so our particular integral is

ypr = €3°

Adding the CF and PI gives our general solution,

y:Ae—7x_’_BeQw+63x

0

. 8—£: 3x2y — 4z
0
azz a3 + 22
0
a—i: 2zy — 2z?
82
8—%2: 6zy — 4z
0

/ = 322

Ozxdy
0*f
8y6272z

. We use De Moivre’s theorem!

=2 () o )]

So
2T = 27|:COS (777T> + jsin (777)] = 128{(305 (w) + jsin (w)] =
2 7 2
. A vector to the line is | 5 |. A vector parallel to the lineis |4 ] — |5 | =
1 3 1
2 5
Sor=|5]+A|—1] is the parametric form of the equation.
1 2

This gives us the system of equations: xt =2+ 5\, y=5— X\, z =14 2

xz—2 z—1
Rearrange these to make A the subject to obtain: A = - = 5—y=

xr — 2 z—1
5

Hence s =5- Yy = is the Cartesian vector equation of the line.

—128 + 128;

Cont.
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10. (a)
3A_B:3<—26 ;> - (—15 8)
B <—618_+1 5 231_—09)
- (—is 132>
(b)

w5 (5 )
((2x1)+(1x5) (2x0)+(1x9))
(=6 x1)+(7Tx=5) (—6x0)+(7x9)

-3 9
—41 63

Il
7 N

(d) We start by finding the eigenvalues of A,
—A 1
A== 7—)\‘
-

N7 =A) = (1)(=6)
—9A+20
4)(A=5)

’2
(2
)\2
(A
0

This gives A = 4 or A = 5, which are therefore the eigenvalues of A.

Next we find the eigenvalues of B,

|B_/\I| = ‘15>\ 90)\‘
= (1 =M= —(0)(-5)
=X —-10\A+9
=A=-90A-1)
=0

This gives A =9 or A = 1, which are therefore the eigenvalues of B.

Cont.
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11. (a) We use the IVT to show that a root exists between © = —2 and = = —3,

f(=2) = (=2)* = 5(-2) +2
= —8+410+2
-4

f(=3) = (=3)° =5(=3) +2
=-27T+15+2
=-10
so f(—2)f(—3) =4 x —10 = —40 < 0 therefore there is a root between —2 and —3.
(b) The formula for Newton Raphson is:

Tpyl = Tp — f/(.lf )
n

so substituting in our f we get

Repeating this process we get x3 = —2.426.

12. (a) P(AUB) = P(A)+ P(B) — P(ANB) = 0.4+ 0.5 — 0.15 = 0.75
(b) P(AUBUC) = P(A) + P(B) + P(C) — P(ANB) — P(AN¢) — P(BNC) + —P(ANBNC) =
044+05+05-0.15-0.2-0.24+0.1=0.95
(¢) Recall that P(ANC')+P(ANC)=P(A). So P(AnC")=P(A) - P(AnC)
Then P(A) + P(C") — P(ANC") = 0.4+ (1 — 0.5) — (0.4 — 0.2) = 0.7
(d) P(AUB|C) = P((A Uf()(;r; P(C)) _ P((ANnC)+ P(B 2_5(,}) —P(ANBNC)
_ P((AUB)NP(C)) 02+02-01 03
- 0.5 - 0.5 05

13. (a) A type I error is when you reject the null hypothesis when it is true whereas a type II error is a
failure to reject the null hypothesis when it is false.

(b) Let 8 denote the expected weight. We test the null hypothesis Hy : 6 = 50 against the alternative
hypothesis Hy : 0 # 50 using a z-test. The test statistic is

0.6

r—50 49.95-50

z = = =-20
o 0.1
Vn V16

with null distribution N(0,1). We only reject Hy in favour of H; if |2| > ¢ and here ¢ = 1.96, the
upper 2.5% quantile of the N(0,1) distribution. Since |z| > ¢, we reject Hy and conclude that
there is sufficient evidence to disprove the companys claim.

The End.



