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Abstract

These notes discuss a worked example of a hierarchical linear model with

extensive discussion about modeling decisions and interpretation. Note that

variable names and Stata commands appear in a typewriter font.

Setup

Imagine we are interested in evaluations of Barack Obama in 2008. We distinguish

between two levels of analysis: the individual (level-1) and the state in which

he/she resides (level-2). Evaluations of Barack Obama are measured on a feeling

thermometer (obamafeel), which we treat as a continuous outcome. Our primary

level-1 predictor is the race of the respondent (1 = black; 0 = white). In addition,

we consider partisanship (pid) and the individual’s ideological distance to Obama

(iddist) as predictors. Partisanship runs from 0 (= strong Democrat) to 6 (=

strong Republican), while ideological distance runs from 0 (the respondent and

Obama are placed at the same ideological position) to 10 (the respondent and

Obama are at opposite ends of the ideological spectrum). The analysis is based on

the 2008 American National Election Studies.1

1The data are downloadable from www.electionstudies.org.
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Random Effects ANOVA

As a starting point for the analysis, it is useful to run a random effects ANOVA.

This allows us to determine what portion of the variance in candidate evaluations

is due to cross-state differences as compated to individual differences. The model

may be written as

obamafeelij = β0j + εij

β0j = γ00 + δ0j

for individual i in state j. Here, β0j can be interpreted as the mean evaluation

of Obama in a state, whereas γ00 is the grand mean (i.e., the mean across all

individuals and states). The level-1 error term (εij) shows how an individual’s

evaluation deviates from the mean evaluation in the state in which he/she resides.

The level-2 error term (δ0j) shows how the mean evaluation in a particular state

deviates from the grand mean. In addition to estimating γ00, we are interested in

estimating V ar(εij) = σ2 and V ar(δ0j) = τ00.

We estimate the model using Stata’s xtmixed command, using the following

syntax:

xtmixed obamafeel if flagmis==0, || state:, var

where flagmis=0 selects those cases that are not missing on the level-1 covariates

or level-2 covariate (to be discussed later). The var option causes Stata to report

variances rather than standard deviations, which is the default in xtmixed. The

output is shown in Figure 1.

The output is divided into four sections. At the top one finds descriptive infor-

mation about the analysis. This is followed by a listing of the fixed effects estimates.

The third section displays the variance component estimates. Finally, at the bottom

of the output, a likelihood ratio test is shown.

Focusing on the descriptive part, we see that there are 1673 level-1 units in

the analysis (number of obs), and 33 level-2 units (number of groups). The

cluster size varies from 11 to 258, with an average cluster size of just shy of 51

observations. The log-likelihood is -7973.552.2

In the fixed effects part, we see an estimate associated with cons. This estimate

of 64.54 is the estimate of the grand mean γ00. Thus, averaging acros respondents

2The parts about the Wald test are left empty because there are no level-1 covariates in the
model whose effects would be tested.
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Figure 1: Stata xtmixed Output for a Random Effects ANOVA

and states, the expected feeling thermometer rating of Obama was just shy of 65.

The standard error is 1.79, resulting in a z-test statistic of 35.99, and a p-value of

.000. Clearly, the grand mean is significantly different from zero, which should not

come as too great of a surprise considering that Obama won the election. More

telling is the 95% confidence interval, which runs roughly from 61.03 to 68.06. On

feeling thermometers, a value of 50 is sometimes interpreted as a neutral candidate

evaluation. Since this value is not included in the confidence interval, one has clear

evidence of a positive attitude toward Obama on the average.

In the third section of the output, we find the estimates of the variance com-

ponents. The estimate of τ00 is given as var( cons) and is 81.26, with a 95%

confidence interval running from 41.16 to 160.41. The estimate of σ2 is given

as var(Residual) and is 782.52, with a 96% confidence interval from 730.67 to

838.05.

The final portion of the output provides the likelihood (LR) ratio test statistic

for the null hypothesis that τ00 = 0, i.e., that there is no cross-state variation in

evaluations of Obama. The LR test compares to fit of the random effects ANOVA

to that of a an ordinary regression model with a constant only. The latter model

allows only for individual variation. The test statistic has one degree of freedom—

we are testing just one variance component—and comes out to 52.57. The reported
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p-value is .000 and should actually be halved to obtain a less conservative test.3

In this case, halving does not affect the conclusion: the null hypothesis has to be

rejected—there is evidence of cross-state variation in the evaluations of Obama.

Intra-class Correlation Based on the estimates in the third part of the output,

we can compute the intra-class correlation (ICC). Using the definition of the ICC,

its estimator is

ρ̂ =
τ̂00

τ̂00 + σ̂2

Substituting 81.26 for τ̂00 and 782.52 for σ̂2, the ICC is estimated as ρ̂ = .094.

This means that around 9 percent of the variance in Obama evaluations is due to

differences across states, with the remaining 91 percent attributable to individual

differences.

Random Intercept Model

We now add level-1 covariates to the model, for now assuming fixed effects. The

intercept, however, is allowed to vary across states, in order to accommodate cross-

state differences in the baseline evaluation of Obama. The mixed model that is to

be estimated is thus

obamafeelij = γ00 + γ10pidij + γ20iddistij + γ30blackij + δ0j + εij

This can be estimated in Stata using

xtmixed obamafeel pid iddist black if flagmis==0, || state:,

var

The estimates are shown in Figure 2.

All three covariates have statistically significant effects. The Wald test shows,

not surprisingly, that they are also jointly significant (W = 1380.88, p = .000). As

one moves up one unit on the partisanship scale, ratings of Obama are expected to

decrease by around 7 points. Compared to whites, the expected ratings of blacks

are some 12 points higher. An anomalous result is that for ideological distance, as

the coefficient suggests that an increased distance to Obama on the left-right scale

3Remember that we are testing a variance component, for which the alternative hypothesis
is of necessity one-sided, namely τ00 > 0 (negative variances, which would be allowed under a
two-sided test, do not make sense).
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Figure 2: Stata xtmixed Output for a Random Intercept Model

actually improves his ratings. This result may possibly be a consequence of model

misspecification, i.e., ideological distance picking up some other effect.

There is evidence of variation in the intercepts. The variance of the δ0js is

estimated as 11.19, which is sizable. Moreover, comparing the fit of the random

intercept model to that of a regression model yields LR = 11.20 with a halved

p-value of .000. Thus, we can clearly reject the null hypothesis that the intercept

is the same across all of the states, as the regression model assumes.

Explained Variance How much of the variance do the three level-1 covariates

explain? To answer this question, we compare the variance in the outcome in the

random intercept model and that in the random effects ANOVA. Specifically, we

evaluate

R2
1 = 1− V arNew(Y )

V arOld(Y )

where V arNew(Y ) is the variance in Obama feelings in the random intercept model

and V arOld(Y ) is the variance in the random effects ANOVA. From the estimates

in Figure 1, V arOld = 81.26+782.52 = 863.78. From Figure 2, we get V arNew =

11.19 + 439.67 = 450.86. Consequently, R2
1 = .48 so that the three covariates
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Figure 3: Empirical Bayes Estimates of the Random Intercepts Across States

account for about 48 percent of the variation in the outcome.4

Empirical Bayes Estimates It is useful to get a sense of how the intercepts vary

across the states. To that effect, we compute

β̂0j = γ̂00 + δ̂0j

where δ̂0j is the empirical Bayes residual. We can then display the estimates in a

dot plot. The following syntax accomplishes this:

predict ebres*, reffects level(state)

gen beta0=obamafeel[ cons]+ebres1

graph dot (mean) beta0, over(V081201a, gap(V081201a) sort(beta0))

cw linetype(line) ytitle(Random Intercepts)

where V081201a is a variable containing the abbreviation of the state name. The

resulting estimates are shown in Figure 3. We see that the smallest estimated inter-

cept (19.77) occurs for Louisiana, and the highest one (29.73) occurs for Colorado.

The spread in intercept values is considerable, further evidence that cross-state

variation in the evaluations of Obama was considerable in 2008.

Accounting for Variation in the Intercepts

We now seek to account for the variation in the intercepts and do so by including

the percentage of blacks in each state (pctblack). Thus, we estimate the following

4For comparison, the OLS regression R2 is .46, which is comparable.
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Figure 4: Stata xtmixed Output for a Hierarchical Linear Model with Ran-
dom Intercept and Level-2 Covariates

mixed model:

obamafeelij = γ00 + γ01pctblackj + γ10pidij + γ20iddistij + γ30blackij +

δ0j + εij

We can also think of this as a model in which the state-level intercepts are given by

β0j = γ00 + γ01pctblackj + δ0j

Estimation of the model is straightforward: one simply adds pctblack to the list of

covariates in the xtmixed command. This produces the estimates shown in Figure

4.

Focusing on the fixed effects, we observe that the level-1 covariates remain sta-

tistically significant. The newly added level-2 covariate is also statistically significant

at conventional levels. We see that Obama evaluations tend to be more negative

in states with higher shares of black people. Specifically, for every percentage point

increase in the share of blacks, ratings of Obama are expected to drop by 2/10 of

a point.
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Explained Variance Addition of the level-2 covariate has reduced the size of the

level-2 variance component, which is now 7.27. The variance component remains

statistically significant: the LR test statistic is 5.37, with a halved p-value of .005.

It is thus clear that the percentage of blacks in a state does not fully account for

all of the variation in the intercepts but, due to the reduced variance component,

we can say that it accounts for some.

To obtain a better sense of the variance that is explained by the percentage of

blacks we compute a level-2 R2 measure, which is given by

R2
2 = 1− τNew

00

τOld
00

Here, τOld
00 is the level-2 variance component from the random intercept model,

which is estimated as 11.19 (see Figure 2). Further, τNew
00 is the level-2 variance

component from the model with the level-2 covariate and random intercept; this

is estimated as 7.27 (see Figure 4). Thus, R2
2 = 1 − (7.27/11.19) = .35. This

means that the percentage of blacks in a state accounts for around 35 percent of

the variation in the intercepts.

Random Slope and Intercept Model

We now add a random slope for the effect of black on evaluations of Obama. We

can represent the resulting model through the following system of equations:

obamafeelij = β0j + β1jpidij + β2jiddistij + β3jblackij + εij

β0j = γ00 + γ01pctblackj + δ0j

β1j = γ10

β2j = γ20

β3j = γ30 + δ3j

The model can be estimated using the following syntax:

xtmixed obamafeel pid iddist black pctblack if flagmis==0,

|| state: black, covariance(indep) var

The request for an independent covariance matrix (covariance(indep)) sup-

presses the estimation of a covariance between the random intercept and slopes.5

5In this particular example, the covariance looks reasonable when we estimate it by specifying
the option covariance(unstruc) in Stata, specifically, the estimate is -17.47, which translates
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Figure 5: Stata xtmixed Output for a Hierarchical Linear Model with a
Random Intercept and Slope

The estimation results are shown in Figure 5.

Testing the Additional Variance and Covariance Components Looking at the

Figure, we see a sizable variance component on race, suggesting that its effect varies

across states. To see if we really need the variance component, we can perform a

LR test comparing the new model to that from Figure 4. The latter model, which

had a random intercept only, yielded a log-likelihood of -7473.607; this translates

into a deviance of 14947.214.6 The new model has a log-likelihood of -7472.502,

corresponding to a deviance of 14945.003. The reduction in the deviance is thus

2.211, which is the LR test statistic. To obtain the p-value, we issue the command

di chi2tail(1,2,211)

which yields p = .137. When halved, this produces .069, which means that the

variance component on the slope of race is only marginally significant. It is a

into a correlation of -.86. The reason we decided not to include the covariance is that its estimate
turns into a corner solution (-1) once we include the cross-level interaction. To keep consistency
across models, we therefore decided to omit the covariance. This is also justified by the fact that
it is not statistically significant.

6Recall that the deviance is -2 times the log-likelihood.
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Figure 6: Empirical Bayes Estimates of the Random Slopes Across States

judgment call whether to conclude if this p is sufficiently small to conclude that the

slope of race varies. One reason to assume it is that with J = 33 level-2 units, we

severely lack in statistical power and might be willing to settle for a slightly larger

type-I error rate.

Empirical Bayes Estimates To obtain a sense of the variation in the effect of

race, we again compute the empirical Bayes estimates. The syntax for doing so is

analogous to what we did for the random intercept model. The results are shown in

Figure 6. As this figure reveals, the smallest effect occurs in California, where the

gap between blacks and whites in terms of their evaluations of Obama is only about

22 points. The largest effect occurs in Mississippi, where the gap between blacks

and whites is around 30 points. While perhaps not overwhelming, these differences

are still noteworthy.

A Hierarchical Linear Model with a Cross-Level In-

teraction

We conclude our analysis of Obama feeling thermometer ratings by considering a

possible explanation for the random slope on race. Our hypothesis is that the racial

divide in the ratings depends on the percentage of blacks in the states. In states

with a large black population, we expect the divide to be greater than in states

were this is not the case. One reason could be that the perceived threat of a black

presidential candidate to whites is greater when there is a sizable black population in
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Figure 7: Stata xtmixed Output for a Hierarchical Linear Model with a
Cross-Level Interaction

the state. To bring this explanation into the model, we modify the random intercept

and slope model by formulating the following level-2 model for the effect of race:

β3j = γ30 + γ31pctblackj + δ3j . This produces the following mixed model:

obamafeelij = γ00 + γ01pctblackj + γ10pidij + γ20iddistij +

γ30blackij + γ31pctblackj × blackij +

δ0j + δ1jblackij + εij

Here pctblackj × blackij is the cross-level interaction term. In our analysis, this

interaction is called inter. It can simply be added to the list of predictors in the

Stata syntax for the random slope and intercept model. The model estimates are

shown in Figure 7.

Explained Variance We see that the variance component on black has gone

practically to zero. This means that percentage blacks in the state explains 100

percent of the variance in the slopes for race. This may seem like an unreasonable

11



amount, but level-2 R2 estimates like these are not unheard of in multilevel analysis.

Simple Slope Estimates Ignoring, i.e., averaging over, the level-1 and level-2

error components, the mean of the outcome variable is given by

µij = γ00 + γ01pctblackj + γ10pidij + γ20iddistij +

γ30blackij + γ31pctblackj × blackij

If we are interested in the partial effect of black on this mean, then we compute

∂µij

∂blackij
= γ30 + γ31pctblackj

This is the simple slope equation for race.

We can assess the impact of percentage black on the effect of race in a variety of

ways. First, we can set some values for the percentage of blacks, say the minimum,

median, and maximum. We can then use Stata’s lincom command to assess the

slope of race at these values. This is done in Figure 8. We see that the predicted

race gap in Obama evaluation ranges from 4.7, which is not quite significant, when

the percentage black is at the minimum (of 1.2) to 25.3 when percentage black is

at its maximum (of 37).

We can also plot the simple slope over the entire range of percentage black

and add a 95% confidence band. To compute this band, we need to compute the

variance of the simple slope, which is

V̂ ar[γ̂30 + γ̂31pctblackj ] = V̂ ar[γ̂30] + 2pctblackjĈov[γ̂30, γ̂31] +

pctblack2j V̂ ar[γ̂31]

The variances and covariances of the estimators can be obtained by giving the

estat vce

command. This yields V̂ ar[γ̂30] = 6.721, V̂ ar[γ̂31] = 0.019, and Ĉov[γ̂30, γ̂31] =

−.298. The 95% confidence interval can then be computed as

γ̂30 + γ̂31pctblackj ± 1.96

√
V̂ ar[γ̂30 + γ̂31pctblackj ]

The resulting graph is shown in Figure 9.
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Figure 8: The Impact of Race on Obama Evaluations at Different Values of
Percentage Black
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Figure 9: The Simple Slope for Black on Obama Evaluations
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