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ABSTRACT
There is a long tradition in mathematics education that deals with analyzing the role of social norms to mathematical learning processes as well as the notion of individual factors influencing these processes. The epistemological extension of conducting different theoretical approaches in order to capture both individual and social aspects of learning has offered many new insights when combining individual-cognitive and social perspectives. This paper introduces a theoretical framework, which puts individual commitments and inferences to the fore in order to analyze processes of individual concept formation and the discursive practices. Within this perspective, the social and the individual are no more dualistic poles that refer to different underlying principles when analyzing mathematical learning. Instead, the emergence of new individual commitments will be explained within the discursive practice of acknowledging and attributing commitments. In this perspective, the social and the individual dimension of concept formation can be explained within one coherent theoretical perspective. The theoretical framework will be illustrated by empirical examples from a design research study on algebraic concept formation processes. 
1. Introduction

Analyzing, reconstructing and describing the phenomenon of learning, not only in mathematics education, is telling a story about something that is difficult to grasp. Many of these stories have been told and many of them differ fundamentally. Some of them try to better describe and understand mathematical thinking and learning from a cognitive perspective that focuses on the epistemic individual (e.g. Tall & Vinner, 1981; Vergnaud, 1996), some use an experimental perspective by focusing on the collective individual (e.g. OECD, 2014; Kaiser et al., 2014; Blömeke & Delaney, 2012) and others use an interactionist perspective by focusing on rules or social norms (e.g. Bauersfeld et al., 1988). These perspectives differ in a way that can be traced back to their theoretical and philosophical roots (Cobb, 2007). All of these perspectives approach the phenomenon of learning from a specific point of view and conceptualize that complex process in a different way. In fact, each of the perspectives above has a certain place in a well-defined scale between the social and the individual, which means that each theoretical perspective differs in a sense that concerns the attention of social and individual aspects of learning. Also, there are theoretical perspectives that combine different theoretical frameworks in order to investigate both: the influence of social and individual aspects to learning. 

Especially for comparing and then combining different theoretical approaches in mathematics education, Cobb (2007) argues that one of the main features to distinguish principles of different theoretical approaches is “how we might usefully conceptualize the individual given our concerns and interests as mathematics educators” (Cobb, 2007, p. 13). In a quite similar sense, Radford (2008) points out basic principles that underlie theoretical perspectives. Hence, distinguishing between the role of the individual and the social and then conceptualizing the individual and the social knowledge are major features to compare different theoretical approaches and to research the complex process of learning. Cobb (2007) gives a comprehensive overview of different theoretical approaches and, by pointing out the theoretical roots, he refers to the following four disciplinary fields of research that have extensive impact in mathematics education, namely an experimental-psychological, a cognitive-psychological, a sociocultural field of research and distributed cognition. These different theoretical approaches differ especially with respect to the underlying assumptions regarding the conceptualization of the individual and the social.  
We introduce in this paper an inferential theoretical framework that uses commitments and inferences to conceptualize both the individual and the social perspective within one coherent theory. Some of the key assumptions of this framework will be traced back to the philosophy of inferentialism, introduced by the analytic philosopher Robert B. Brandom (1994). Further, we argue that so defined, the individual and the social appear not only as two important aspects of understanding processes of individual concept formation. Moreover, we will argue that inferences and commitments as analytical units will gain new insights into the interplay of social and individual aspects that underlie learning processes. Within this framework, we investigate mathematical learning, and reconcile in a more coherent way some of major gaps and difficulties in previous research in the field of mathematics education. The empirical examples in this paper will illustrate certain features of the theoretical framework. In this design research study, individual processes of learning the concept of variable by dealing with different forms of mathematical patterns were investigated. 
This paper introduces a theoretical framework that conceptualizes the individual and the social in a specific manner and combines these perspectives in a coherent way. Within this theoretical framework, it will be possible to gain insights into individual processes of concept formation and the underlying discursive practice in mathematics classroom. It is one main feature of this theoretical perspective to capture both the notion of the individual and the social within one single theoretical perspective. Before this perspective is introduced in the next section, it will be helpful to briefly outline the major perspectives on the individual and the social. Hence, section 1 will highlight some metatheoretical issues regarding the relation of the social and the individual in mathematics education. 
First steps in combining the social and the individual

We will first show the relevance of the distinction between the social and the individual when looking at the phenomenon of mathematical learning by tracing back some developmental lines in this section. In their historical analysis of theories in mathematics education, De Corte et al. (1996) distinguish between first and second wave theories. While first wave theories tried to model students’ and teachers’ beliefs referring to their actions (cognitive perspective), second wave theories focus on the role of the context and the situation (situated perspective). Cobb (2007) adds a different way of comparing different theoretical approaches that brings the role of the individual to the fore and that looks at the extent cognitive or social processes are being observed. So instead of taking a historical perspective on background theories, Cobb (2007) uses the category of the individual itself to contrast different theoretical approaches: “These differences are central to the types of questions that adherents to the four perspectives ask, the nature of the phenomena that they investigate, and the forms of knowledge they produce.” (Cobb, 2007, p. 12) In his analysis, Cobb points out a variety of notions of the individual and the social, depending on the philosophical roots of the background theory. For example, adherents of experimental psychology (the term refers to a branch of research, where experimental and quasi-experimental designs form a primary source of insight) usually regard the individual in an abstract collective and measurable manner (cf. Cobb, 2007, p. 16). On the other hand, within cognitive psychology, where the aim is to understand internal cognitive structures and processes, the individual can be conceptualized as an ideal epistemic or idealized individual. For example, Vergnaud (1996) uses theories- and concepts-in-action to “characterize the cognitive processes and competences of students” (Vergnaud, 1996, p. 237). The aim of these investigations though is not to reconstruct theories-in-action of any particular student. Moreover, Vergnaud is concerned with an idealized individual in order to understand specific students’ individual reasoning. While these theoretical approaches focus on different notions of the individual, sociocultural theorists bring the social environment and – for example – classroom cultures that enable the individual learning to the fore. While perspectives like these often focus on social processes, adherents to distributed cognition conceptualize students within systems of reasoning in order to develop and construe support for mathematical learning. 

This brief description shows the variety of notions concerning the attention of social and individual aspects that can underlie different theoretical perspectives. In this paper, we will especially focus on the relation between a cognitive approach to conceptualize and reconstruct learning and social norms that underlie these processes. We introduce a theoretical framework with which we capture these two perspectives. This is what we refer to when we speak of combining the social and the individual perspective in this article: it is not our goal to combine social and individual perspectives in general and within the variety of different theories. We will rather demonstrate with empirical examples how the inferential framework will capture individual cognitive aspects and social norms by reconstructing individual commitments and inferences. 

To do so, it is helpful to trace back some important steps and insights regarding the question of reconstructing both individual and social aspects of learning. Cobb & Yackel (1996) did some foundational research on investigating “ways of proactively supporting elementary school students’ mathematical development in classroom” (Cobb & Yackel, 1996, p. 176). Within their study they initially chose a cognitive psychological theoretical framework in order to get insights into the internal cognitive conflicts (c.f. Cobb & Yackel, 1996, p. 177). But this framework did not seem to be efficient enough to explain the phenomena that were being observed. Instead, social norms seemed to play a major-role for the students’ learning process in a way, that they often seemed to infer what the teacher would have in mind instead of articulating their individual thoughts (c.f. Cobb & Yackel, 1996, p. 178). In combining two different theoretical perspectives, it was a creative and substantial work to analyze learning processes in a broad sense and give respect to both the social and the individual facets of mathematical learning: “social norms are not psychological processes or entities that can be attributed to any particular individual. Instead, they characterize regularities in communal or collective classroom activity and are considered to be jointly established by the teacher and students as members of the classroom community” (Cobb & Yackel, 1996, p. 178). The combination of two theoretical perspectives with different underlying background theoretical principles corresponds to Cobb’s (2007) pragmatic suggestion, to make explicit the implicit norms that underlie the specific theory. 

Cobb and Yackel observed empirical needs to give respect to the individual and the social dimension of learning. This procedure fits well to Cobb’s dictum of theorizing as bricolage (Cobb, 2007) that he emphasized extensively: “The psychological and sociological perspectives are two ways of describing that we find particularly relevant for our purposes. In conducting a social analysis from the interactionist perspective, we document the evolution of social norms (...). In contrast, when we conduct a psychological constructivist analysis, we focus on individual students’ activity (...) and document their reorganization of their beliefs” (Cobb & Yackel, 1996, p. 178). At the end of section 1, we will analyze epistemological difficulties of this approach. 
Yackel & Cobb (1996) then established on that basis their well known theoretical approach of sociomathematical norms that got extensive attention within mathematics education. The emergent perspective later on was extended by Hershkowitz & Schwarz (1999) to student-student or student-computer interactions in mathematically rich environments or used in the area of problem-solving (Cobo & Fortuny, 2000). In a different direction, the relevance of coping with different theoretical perspectives got much attention and was part of extensive research (Cobb, 2007, Prediger et al., 2008 or Assude et al., 2008). 

Extending insights: Comparing, contrasting and combining theories

Much work has been done into the need for a multidimensional conceptualization of theoretical frameworks to describe learning processes (e.g. Assude et al., 2008 regarding results by the Theory-Survey Team of ICME 11; Radford, 2008; Prediger et al., 2008 (ZDM-issue 39 on networking strategies for connecting theories); or Cobb, 2007; and Silver & Herbst, 2007). Besides several examples about how to combine different theories, extensive work has been done on the question of how different theories might be compared and contrasted (e.g. Radford, 2008; Prediger et al., 2008; Cobb, 2007). Some main results of that work provide important criteria to distinguish between different theoretical approaches. One criterion to make a distinction between different theoretical approaches is to look at the underlying theoretical principles that are often related to the historical and cultural conditions (cf. Radford, 2008). With respect to these principles, Radford (2008, p. 323) points out that “divergences between theories are accounted for (...) by their principles” (Radford, 2008, p. 325). In line with that, limits of connectivity of different theoretical approaches can be rooted in this divergence or theoretical conflicts between the underlying principles of the theories. Cobb (2007) extends the question of what the structure of these principles might be in a way, that he emphasizes to carefully analyze the conception of the individual within each theoretical approach. The conceptualization of the individual is therefore one of the major aspects that underlie the theoretical principles. In line with that, it is the tension between the social and the individual (i) that can help to compare and contrast the underlying principles of theories and (ii) be a guideline to connect theories with comparable principles. Hence, it remains one of the major challenges to interpret the findings of such multidimensional perspectives, that combine divergent theoretical approaches with different (and excluding) basic principles, which include “implicit views and explicit statements that delineate the frontier of what will be the universe of discourse and the adopted research perspective” (Radford 2008, 320). 

Taking the theoretical approach Cobb & Yackel (1996, and – referring to the conceptual approach of sociomathematical norms - Yackel & Cobb, 1996) used, there is combination of an individual-psychological approach with a sociological (precisely: interactionist) perspective (e.g. Bauersfeld et al., 1988; Voigt, 1985, 1989). With that combination of the two different cognitive and interactionist perspectives, Cobb & Yackel (1996) gained innovative insights. The innovation can be traced back to the epistemological extension they gained when combining theses perspectives: Taking the psychological view, it is possible to analyze the students’ beliefs and the individual perspective within the process of mathematical thinking and doing. In this sense, the psychological perspective has a strong power to interpret the individual thinking and acting but is far less effective when explaining the effects of for example interactional rules or the social norms that influence the learning situation. The interactionist perspective allows to closely analyze the classroom social norms, the sociomathematical norms and the classroom practices. It is fundamental to the latter theoretical approach, that the individual is conceptualized mainly in its situational acting and its discursive practice. Reconstructing the norms effecting mathematics classroom and – with respect to the theoretical combination – the individual learning is one of the major strengths of this perspective. 

Epistemological Difficulties

Within ongoing discussions, this approach has been criticized. Lerman (2001) points out the danger of combining a psychological theory and a socio-cultural theory: “The danger of their perspective, from my point of view, is that the social context, in the way they see it, cannot account for the forms of behavior and activity of the individual, except in the important but superficial layer of classroom social norms (and socio-mathematical norms).” (Lerman, 2001, p. 89) Here, Lerman points out the problem of combining a micro- (individualistic) and a macro (socio-cultural) perspective on mathematics classroom.  He refers to the problem, that the macro approach of emphasizing social context does not go deep enough and that, in focusing on the so-characterized “superficial layer”, scholars in this tradition, according to Lerman, underplay or perhaps even lose sight of the critical, central characteristics of the individual’s mathematical learning. 

Besides the problems of combining the micro- and the macro-perspective for investigating actions within mathematics classroom, for us, taken these different notions of the social and the individual, we see an epistemological gap which makes it difficult to connect these two theoretical approaches. One of the main reasons for this difficulty is rooted in the tension between the conception of the individual and the relevance of the social dimension of each theoretical perspective, as we see above. On the surface, these two approaches are at least complementary (Cobb, 1994; Confrey, 1995; Steffe; 1995). If we dig deeper though, the conceptualization of the individual as well as the relevance of the social interaction and the social norms does have diverging theoretical principles (Lerman; 2001; Cobb & Yackel, 1996; Cobb, 1994; Confrey, 1995; Hatano, 1993; Smith, 1995; Steffe, 1995). Of course, these studies (Cobb & Yackel, 1996) were not intended to combine the two perspectives, but instead to coordinate them within the pragmatic program of theorizing as bricolage (Cobb, 2007), and that means: “to coordinate analyses of classroom processes that are conducted in psychological and social terms” (Cobb & Yackel, 1996). Still, this theoretical approach faces epistemological difficulties when gaining insights from two complementary perspectives, because regarding their theoretical roots, they each conceptualize the phenomenon of learning in divergent ways. Precisely, within the psychological dimension of this multi-lens perspective, the analysis focuses on individuals students actions. The interactionist dimension of this approach though claims that it is not possible to gain any insights into cognitive processes of individual students. Rather, mathematical meanings are constituted as taken-to-be-shared by the participants (c.f. Voigt 1994, p. 282). Hence, both perspectives differ fundamentally in the way that the notion of the individual and the social is conceptualized.
In the next section, we will introduce a theoretical framework that puts the relation between the social and the individual dimension within the analysis of mathematical learning in a new perspective in order to understand individual learning (cognitive perspective) in the light of social norms and actions (social perspective). Hence, it will be possible to analyze individual concept formation within the tension between social and individual aspects of learning and to gain insights into the interplay of these two facets. 

It is important to note, though, that it is not the goal to develop “a grand ‘theory of everything’ (because it, F.S.) cannot ever be developed” (Lester, 2005, p. 460). Instead, the aim of this paper is to close the epistemological gap with a theoretical framework that bridges the social and the individual within the context of mathematical learning. 
2. Inferentialist Perspective on Concept formation
Analyzing and describing learning processes usually takes into account the concepts that students deal with in mathematical situations. Hence, from this point of view, it makes sense to conceptualize individual learning as a process of concept formation. Within our theoretical framework, we use the philosophy of Inferentialism that was introduced by Robert B. Brandom (1994), a contemporary philosopher in order to reconstruct processes of concept formation. 

In his influential book Making it explicit (1994), Brandom introduces a philosophical framework of “the nature of language: of the social practices that distinguish us as rational, indeed logical, concept-mongering creatures-knowers and agents.” (Brandom 1994, xi). This philosophical framework was used to adopt it for a constructivist psychological analysis of individual concept formation processes in mathematics classroom (Bakker et al., 2011; Noorlos et al., 2014; Bakker, 2014; Hußmann & Schacht, 2010, 2015; Schacht & Hußmann, 2014; Schacht, 2012). In this section, we first outline some general features of a theoretical framework that was developed by the authors. Second, we demonstrate its roots in a constructivist psychological perspective. Finally, we show the implications of this framework taking into account social norms and the discursive practice. In section 3, we will then illustrate this theoretical approach with empirical examples. 
The inferentialist perspective on individual concept formation
Commitments and entitlements play a central role within this framework: They are “creatures of the attitudes of taking, treating, or responding to someone in practice as committed or entitled (for instance, to various further performances). Mastering this sort of norm-instituting social practice is a kind of practical know-how-a matter of keeping deontic score by keeping track of one’s own and others’ commitments and entitlements to those commitments, and altering that score in systematic ways based on the performances each practitioner produces ” (Brandom, 1994, p. xiv).

We define commitments as (reconstructed) assertions in a propositional form that are acknowledged and held to be true by the explicating individual. Commitments underlie all our statements as well as actions as individuals and we can make them explicit. This analytical unit is deeply rooted in the inferential philosophical framework (Brandom, 1994). Brandom argues that human thinking and acting is distinguished by the ability to give reasons and to take part in the game of giving and asking for reasons (c.f. Brandom, 1994, p. 159). We can make our commitments explicit whenever we are asked for reasons. Individual commitments are smallest units of thinking and acting that we can acknowledge ourselves and attribute to our discursive partners. 

Commitments are inferentially connected as they are reasons in conclusions. In this way, the commitments that underlie our actions are inferentially structured. That does not refer to inferences in the sense of a formal classical logic. The inferential relations between individual commitments do not have to be true in a formal sense, but they are held to be true by the individual. This idea is deeply rooted in Brandom’s inferentialist philosophical framework: “Talk of grasp concepts as consisting in mastery of inferential roles does not mean that in order to count as grasping a particular concept an individual must be disposed to make or otherwise endorse in practice all the right inferences involving it. To be in the game at all, one must make enough of the right moves-but how much is enough is quite flexible” (Brandom, 1994, p. 636). Commitments can serve as reasons as well as they may entitle us to new commitments. 

Consider the following example, where the 5th grade student Orhan is given a sequence of the following numbers: 2, 10, 18, 26, 34, … Orhan is asked to make the arithmetic rule explicit and to find an algebraic expression that describes this rule. Orhan says: “You always have to add 8.” Then he writes down the expression 2 + 8x. Orhan then is asked what the x stands for and he answers: “The x means a number, let’s say you want the 35th element of a sequence.” In this example, Orhan acknowledges the following commitments, that were analytically reconstructed: 
C1: I can find the rule of the arithmetic sequence by determining the distance between each two elements. 

C2: I can find the algebraic expression by using both the distance and the first element of the sequence.

C3: Elements of sequences can be determined with expressions using the variable. The x stands for the element. 

In this situation, Orhan uses the variable as a tool to determine certain elements of the sequence. His concept of variable is mainly rooted in the calculation of elements with high numbers. This scene also shows the way in which the commitments are inferentially related. In this scene, C1 serves as a reason for C2, which serves again as a reason for C3: C1(C2(C3. 
Within this perspective on individual concept formation, the idea has a fundamental consequence for the notion of individual concept formation itself: Concept formation is the development of commitments that underlie certain concepts (see Schacht, 2012, p. 43). This perspective implies important aspects in learning and understanding itself, since the latter cannot be understood as a correct representation of given (mathematical) objects, but rather as a practical mastery of inferences, which means to know what follows by applying a concept and what the reasons are for applying it (Brandom, 1994, p. 120).

Hence, it is a main feature of this inferentialist perspective that concepts are not considered in an isolated manner, but as commitments in conceptual webs: “One immediate consequence of such an inferential demarcation of the conceptual is that one must have many concepts in order to have any. For grasping a concept involves mastering the proprieties of inferential moves that connect it to many other concepts (...). One cannot have just one concept.” (Brandom, 1994, 89). One of the potentials for the analysis of individual concept formation can be seen in the very comprehensive view on the manifold and linked concepts that students use in mathematics classroom. 

The individualistic psychological dimension of the framework

We use the concepts of inferences and commitments from Brandom’s theoretical framework to understand, analyze and reconstruct individual concept formation. We argue that this reworked understanding of concept formation as commitment development may gain important insights in studies of mathematical learning (see Hußmann & Schacht, 2015; Schacht, 2012). This framework can be captured in constructivist psychological terms, which posits that the individual thinking and acting cannot be separated from the learning situation. In this way, we offer a cognitive approach to the individual that gives attention to the learning situation. Cobb (2007) uses the term psychological for “theories of the process of mathematical learning that are intended to offer insights into students' learning in any mathematical domain” (Cobb, 2007, p. 19). The term constructivist emphasizes that in this perspective, the individual students are “active constructors of increasingly sophisticated forms of mathematical reasoning” (Cobb, 2007, p. 20). To explain the psychological dimension of this theoretical framework, we first outline some historical developments and then show some features of analysis in this perspective that show the typical constructivist psychological structure of the empirical results. 

Many important constructivist ideas can be traced back to Kant, who initiated a deep epistemological turn by pushing forward that judgments are the smallest units of human thinking, because it is a judgment - and not a concept - that is the smallest entity that we can take responsibility for. In this sense, judgments as well as commitments are normative units. In Kant’s perspective, the individual is not passively perceiving but rather an active individual. 

Piaget’s (1970) ideas of the genetic epistemology are deeply rooted in Kant’s work: “the concepts that he (Piaget, F.S.) focused on in his investigations correspond almost exactly to the fundamental categories of thought proposed by Kant 150 years earlier” (Cobb, 2007, p. 20). Piaget was one of the first to view learning as a process of active construction and the learner being an active individual and not a passive perceiver. In that sense, the same shift that Kant pushed forward in philosophy was done again by Piaget for a constructivist psychological view in education. Research in mathematics education that can be placed in this tradition “focuses on how the (…) individual successively reorganizes its activity and comes to act in mathematical environment” (Cobb, 2007, p. 20). Hence, mathematics education focuses on the development of particular students in order to do research on the individual learning process. In this tradition, students are seen to be “active constructors of increasingly sophisticated forms of mathematical reasoning” (Cobb, 2007, p. 20).

Our inferentialist theoretical framework can be seen within an epistemological tradition that can be traced back to Kant’s ideas. Within the theoretical framework to describe individual processes of concept formation, commitments and inferences are the analytical units to reconstruct individual processes of concept formation (for a more detailed analysis see Schacht, 2012,  Hußmann & Schacht, 2015). Taking the example above, Orhan’s individual commitments were analytically reconstructed in order to analyze the commitments themselves and their inferential relation. By studying students’ learning developments within multiple interview situations and classroom observations, it is possible to reconstruct the development of such inferentially structured webs of individual commitments. 
The empirical examples in section 3 will demonstrate the potential of this theoretical framework to describe local learning processes in a fine-grained analysis. By doing so, it is possible to reconstruct not only individual forms of reasoning but also to analyze the individual conceptual processes. Hence, this framework can be used to analyze the individual logic that students have when acting in mathematics classroom. By sequencing many of these analyses over a certain period of time, it is possible to reconstruct local developmental processes as well as long-term processes of concept formation. 

The social dimension of the framework

In line with Sierpinska et al. (1996), the “label 'socio-cultural' is used here to denote epistemologies which view the individual as situated within cultures and social situations such that it makes no sense to speak of the individual or of knowledge unless seen through context or activity” (Sierpinska et al., 1996, p. 846). One of the major points of interest in many socio-cultural theories is the specific norms that constitute theses cultures and social situations. Hence, the reconstruction of norms is an essential part of the analysis. Especially interactionist contributions have gained important insights into the nature and the fundamental importance of norms in mathematics classroom (e.g. Bauersfeld et al., 1988; Voigt, 1994, 1995). These epistemologies especially focus on research on the norms of the social situation, for example social routines or patterns that are normatively binding. In this perspective, the analysis of social norms refers to the social normative layer that underlies interaction. On the other hand, whenever the subject makes a claim explicit, it makes explicit the individual norms that guide the individual acting. In this perspective, the individual thinking and acting is highly normative and the analysis of norms like these has a specific individual notion. 

To develop further our theoretical framework that accounts for the individual processes of developing commitments and actively constructing meaning throughout the course of concept formation, we also consider the specific norms that constitute these cultures and social situations. The inferentialistic theoretical framework offers a vocabulary and an analytic lens to precisely analyse norms that underlie our discursive practices – regarding the norms that underlie the social structure as well as the individual norms that one is bound by. Starting point is our distinction as human beings: “We are the ones on whom reasons are binding, who are subject to the peculiar force of the better reason. This force is a species of normative force, a rational ‘ought.’ Being rational is being bound or constrained by these norms, being subject to the authority of reasons” (Brandom, 1994, p. 5). In this sense, every act of concept usage, every act of proposing a certain claim is a normative act, that we give reasons for, that we take responsibility for and that we commit ourselves to. With commitments, the subject formulates propositions about his perception of world. To be committed to something is a normative status in a sense that the individual takes responsibility for it and gives reasons for it. Hence, the specific ability to be able to commit us to something and to be bound by reasons institutes a decisively normative distinction which brings norms to the fore. 

In the sections above, we introduced our analytical tools within our theoretical framework. We now show an example of how this analytical tool can describe some phenomena that were described above. One of the major insights by Cobb and Yackel was that the “students (…) seemed to take it for granted that they were to infer the responses the teacher had in mind rather than to articulate their own understandings” (cf.  Cobb & Yackel 1996, p. 178). Speaking in inferentialist terms, it seems to be evident that the students attributed certain commitments (and inferences with certain following commitments) to the teacher. For example the hypothetical student thought:, When the teacher asks me to explain how I solved my task, a good answer is using a way the teacher usually prefers. The normative dimension can be described such that, attributing certain commitments to the teacher follows a certain structure that anticipates the teachers’ statements. At the same time, the students acknowledge these commitments themselves and they attribute them to the teacher, for example: The teacher often argues geometrically when proofing an arithmetic task. (it follows →) So that is a good way to prove tasks like that. (it follows →) When the teacher asks me to prove an arithmetic task, I should prove it geometrically. Again, speaking in inferential terms, these commitments and their inferential relation do not have to be true in a logical understanding but they are held to be true by the individual. 

 This example shows that (often implicit) social norms are an integral part of the analysis. The implicit norms that can be made explicit with commitments and inferences represent a corner stone of the theoretical implications of this framework. In this sense, the analysis of individual processes of concept formation within this perspective gives respect to both the constructivist psychological dimension of mathematical acting and thinking as well as to the (often implicit social) norms that underlie our discursive practices. 

Using commitments and inferences to capture social and individual aspects

Because commitments have a specific normative dimension we also make our individual norms explicit by making commitments explicit. At the same time, especially regarding discursive situations, we are bound by the social norms in the interaction. Our theoretical framework to describe processes of individual concept formation implies a specific normative view on such kind of individual conceptual processes – on individual facets as well as on social facets. We respond to Cobb & Yackel’s (1996) proposition that the social and the individual perspectives should be combined when analyzing processes in mathematics classroom with the introduced theoretical framework. Within our framework, discourse is modeled by acknowledging and attributing commitments and inferences. Processes of concept formation can be understood as individual situated processes within social and individual norms. These – social and individual - norms (e.g. within a mathematics classroom or the norms that students feel bound by when using textbooks) can be reconstructed alongside the implicit (or explicit) commitments and their inferences that students and teachers acknowledge (Schacht, 2012; Hußmann & Schacht, 2015). Table 1 illustrates this the different approaches to capture both individual and social aspects of learning. 
Table 1: Comparing the two perspectives with respect to the social and the individual
	Emergent Perspective: Combination of a psychological perspective and an interactionist perspective.
	Inferentialist Framework: Social and individual facets of learning are reconstructed by analyzing commitments and inferences
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The analysis in the next section will show some empirical examples of how these norms can be reconstructed along individual learning processes by analyzing individual commitments and inferences. In practice, we reconstruct individual commitments that the individuals (or interactors) make explicit. We also reconstruct their inferential relation or the commitments that serve as reasons for the individual acting. This way, we can analyze how far one’s own commitments serve as reasons for – for example – the commitments that the teacher is expected to have or some other student explicated earlier. This way, the analysis in section 3 will show the innovative perspective on norms within the analysis of the empirical examples. The analysis will show features of reconstructions of norms that underlie the social structure as well as the individual acting. By reconstructing commitments and inferences, we will reconstruct social normative facets as well as individual normative facets of learning within one perspective. In this sense – we claim – this theoretical framework will broaden the notion of normativity when reconstructing individual learning.

3. Examples

In this section, we show some results from an empirical study on processes of concept formation in early algebra (Hußmann & Schacht, 2015). The focus of the study (cf. Schacht, 2012) was to precisely describe the individual concept formation processes of students within a sequence of different situations concerning the concept of patterns and variables. Therefore, we chose a case study with 10-year old students to describe some prototypical conceptual processes. Therefore, we led clinical interviews and observed and videotaped the classroom interaction. The individual concept formation processes show important features and phenomena for establishing a solid concept of variable, such as structuring static and dynamic figural patterns as well as finding out the number of dots. The concept of pattern is fundamental to mathematics. Static and dynamic figural patterns can provide great potential for mathematics classroom and especially for arithmetic and algebra (e.g. Zazkis & Liljedahl, 2002; Warren & Cooper, 2008) to introduce a pre-algebraic concept of variable. Sfard (1991) points out the operational and structural dimensions of mathematical conceptions: “The precedence of the operational conceptions over structural is presented (…) as one of such invariants.” (p. 17) It is one of the main ideas of the teaching unit to introduce the concept of variable in a decisive operational perspective: as a mathematical tool to describe dynamic processes in growing patterns. Figural patterns are more than mathematical tools though: they are both mathematical tools as well as theoretical objects. Growing patterns “can mediate between the mathematical structure and the student’s thinking because of their ‚double nature‘ (they are on the one hand concrete objects, which can be dealt with (…), and at the same time they are symbolic representatives of abstract mathematical ideas” (Böttinger & Söbbeke, 2009). 

Before the students had to cope with growing figural and arithmetic patterns, they had to deal with static figural patterns in different ways, for example to find out the number of dots in a figural pattern in a most efficient way (see fig. 1). It is the first task for the students within a teaching unit to deal with different static patterns. In a second episode of the unit, the students then had to deal with arithmetic sequences and growing figural patterns. The aspect of structuring patterns can be deepened in this second episode: the rule of increase in both dynamic figural patterns and in arithmetic sequences can be used to determine any next element of the sequence and the number of dots in the any next figure. For the description of growing processes of this kind, the students use terms and get to know variables in order to make the rules of enlargement explicit (e.g., “the rule for the sequence of even numbers is 2∙x”). This is the backdrop against which the students establish a pre-algebraic notion of the concept of variable within a teaching unit that focuses on coping with static and dynamic patterns. 

The two following scenes show the interplay between the social and the individual dimension within some of these learning processes. 

Scene I: Why discursive practices close an epistemological gap between the social and the individual

In the following example, the 5th grade student Orhan from a lower secondary school in Germany works in a learning environment that focuses on the introduction of the concept of variable. It is taken from an empirical study with 60 5th-6th graders (Schacht, 2012). In the first approach, the student’s task is to determine the number of dots in the pattern (see Figure 1). There are different ways of approaching this task. Some students might count the number of dots one by one. Other students identify patterns in the picture, which help them to count (four dices with five dots or two triangles with the same number of dots. 

In this scene Orhan (O) works together with his classmate Ariane (A). A teaching-assistant (TA) watches this scene from a distance (see fig. 1). 
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	L
	P
	Content

	1
	O
	In this picture we have to determine the number of dots. 

	2
	A
	5 , 20 (A points to the pattern)

	3
	
	(O starts counting the dots one by one)

	4
	A
	(A to O) but you don’t have to count there…

	5
	TA
	How did you find the number of dots – 20?

	6
	A
	Because – let’s say – there is a pattern. 5 , 4 pattern (A points to the pattern) like this. 

4 times 5 is 20

	7
	O
	Wow, that’s really true. 

	8
	A
	Logic!


Figure 1: Determining the number of dots in a static dot-pattern – Transcript and pattern 

In this scene Orhan first counts the number of dots one by one. Then Ariane interrupts him: “But you don’t have to count there!” (fig. 1, line 4) When the teaching assistant asks, how she had quantified the number of dots in the pattern, she refers to the concept of pattern and says: “4 times 5 is 20.” (Figure 1, line 6) Orhan is obviously surprised by that way of determining the number of dots (fig. 1, line 7). 

In a clinical interview that was led shortly after this lesson, Orhan is shown two patterns – one is exactly the same as the one in classroom and the other one is different (see. fig. 2). 


[image: image4]
Fig. 2: Orhan determines the number of dots in the 2 static patterns (without the circles) and attributes the following arithmetic expressions: 7(3 and 4(5

In the first pattern, Orhan counts the number of dots one by one (21 dots) and is then asked, how he could eventually determine the number of dots more effectively. Orhan refers to the product 7(3 and then he identifies 7 dots and 3 dots (see fig. 2). In his workbook he writes referring to the second dot-pattern in figure 2: “There are 20 dots in the picture. 4 dots are at the top and 5 dots at the bottom. And I multiply these two.” He encircles 4 dots at the top and five dots at the bottom of the pattern (see fig. 2 on the right). 

These short scenes show an interesting step in Orhan’s learning process – a step that shows quite some misunderstanding with respect to the mathematical concepts of multiplication and structuring patterns. But this scene also offers an interesting insight into an individual process of concept formation within this small episode with respect to the normative facets of mathematical learning. 

Interpretation

Comparing both scenes above ((1) classroom scene and (2) interview scene), there is a conceptual development. In both scenes, Orhan has a specific approach determining the number of dots: he counts them one by one. In both situations Orhan commits his mathematical action to the following proposition: (i) In a static dot-pattern I can determine the number of dots by counting them one by one. Orhan does not make this commitment explicit, yet his way of acting allows us to reconstruct this implicit commitment in that situation. For Orhan, this commitment seems to be viable in situations like these. 

Yet, there is a difference between the first scene in classroom and the following scenes. This difference is noticeable in the light of the conversation in fig. 1. In line 7 Orhan is quite surprised that Ariane has found a way to determine the number of dots quite quickly by using the concept of pattern and multiplication (see line 6 in fig. 1). There is another commitment that at least seems to be viable for Ariane from Orhan’s point of view: (ii) Ariane may find a product that allows her to structure the pattern. Now looking carefully at the second situation, Orhan first counts the number of dots one by one (20 and 21), then he identifies a multiplication (4(5 and 7(3) and after that he identifies two disjunct subsets of dots in the pattern. Here he commits his mathematical procedure to the following proposition: (iii) The two factors of the product 4(5 represent two (disjunct) subsets in the dot-pattern. Of course, from a mathematical point of view, this commitment is not correct. Identifying subsets in the pattern, a correct commitment might be: (iiia) The pattern may be structured in 4 subsets with 5 dots each. And furthermore: (iiib) The number of dots then may be determined by the product 4(5. 

Here we can observe some first key-features of what we call commitments and inferences: Commitments are propositions that are held to be true, they do not need to be true in a mathematical sense. The examples above also show that commitments do not have to have an explicit state. Often, our commitments stay implicit. Commitments can be inferentially related in a way that they can serve as reasons for new commitments. In this context, inferentially does not implicate logical inferences: Human reasoning does follow rational rules, but these rules do not have to be structured logically. The rules are structured within our own space of reasons. Human rationality and individual reasoning cannot be understood purely by logical norms but also within the individual and discursive space of reasons: “Understanding in this favored sense is a grasp of reasons, mastery of proprieties of theoretical and practical inference.” (Brandom, 1994, p. 5) The inferential perspective on analyzing learning processes not only allows us to take into account the individual reasoning. Moreover, it is possible to carefully examine webs of reasons by reconstructing inferentially structured commitments that students acknowledge. In the scene above, Ariane’s commitment for Orhan serves as a reason to identify subsets of patterns in a new way (see commitment iii). 

These two scenes show the potential of the analytical units (commitments and inferences) for describing and analyzing mathematical learning processes in a commitment-based perspective. One characteristic feature about this analytical framework is that it allows us to reconstruct individual conceptual development from an individual perspective (by analyzing individual commitments). In this sense, this theoretical framework offers insights into individual processes of concept formation with respect to the individual commitments and to the individual logic. Hence, focusing on the individual in such a decisive way, this framework institutes a (constructivist) psychological notion on reconstructing individual concept formation. 

Orhan develops a certain viable routine when dealing with mathematical situations like the above: He first counts the dots, then finds a multiplication and then identifies two disjunct subsets that fit to the factors. In both situations (20 dots and 21 dots) Orhan uses the same categories when approaching this situation: first counting the dots, then product and finally identifying subsets. Of course, Ariane also uses very similar categories, but in a different direction. She first identifies subsets, then counts the number of subsets and uses a product to determine the number of dots in the pattern. It becomes obvious that Orhan has a different situational attention in this mathematical situation, which means he has a different understanding of what to do. 

In this point of view, analyzing learning processes does not start its epistemological analysis by identifying the concepts the students use, but by identifying the commitments they acknowledge and the individual inferential webs. “Talk of grasp of concepts as consisting in mastery of inferential roles does not mean that in order to count as grasping a particular concept an individual must be disposed to make or otherwise endorse in practice all the right inferences involving it. To be in the game at all, one must make enough of the right moves-but how much is enough is quite flexible.” (Brandom, 1994, p. 636)

Committing ourselves to reasons does not mean that these reasons have to be correct from a mathematical or formal-logical point of view but from a social point of view. Moreover, commitments seem to be viable within our individual reasoning. In other words, our commitments do seem to have a certain normative force: “We are the ones on whom reasons are binding, who are subject to the peculiar force of the better reason. This force is a species of normative force, a rational ‘ought’. Being rational is being bound or constrained by these norms, being subject to the authority of reasons.” (Brandom, 1994, p. 5)

Individual understanding in discursive practices

By looking at the difference between the two scenes, we can also observe an epistemological development that shows the strong influence of the social normative structure in this scene. In the second example, Orhan has a new commitment (iii). This commitment is mathematically incorrect – but still it seems viable for Orhan to deal in this mathematical situation. Having commitments and inferences as analytical units, it is possible to describe and explain its origin. In the first scene (fig. 1) Orhan acknowledges commitment (i): In a static dot-pattern I can determine the number of dots by counting them one by one. Then he observes Ariane's way of determining the number of dots and is quite surprised, commitment (ii): Ariane may find a product that allows her to structure the pattern. Now both commitments entitle him to the new commitment (iii): The two factors of the product 4(5 represent two disjunct subsets in the dot-pattern. This commitment has a new (and mathematically incorrect but in these two situations viable) quality. It is important to note that commitment (iii) is not implicated by the two other commitments, so (iii) does not consequentially follow from (i) and (ii). The relation is an entitlement-relation: both (i) and (ii) entitle Orhan to commitment (iii). In the second scene, Orhan first counts the number of dots one by one (21 dots, commitment (i)), then he finds a multiplication that fits to the result (7(3). Here, the epistemological state of commitment (ii) changes: If Ariane can find a multiplication to a given pattern, Orhan also can find a multiplication. Being asked what this term means with respect to the pattern, Orhan identifies two disjunct subsets of 7 and 3 dots (commitment (iii): The two factors of the product 7(3 represent two disjunct subsets in the dot-pattern.). 

This scene shows the extent to which commitments can be inferentially related. Now combining the reconstructed inferential structure and the reconstructed individual commitments, it is possible not only to take into account this reconstructed individual perspective but also the social and interactional perspective. Our commitments are highly related to the commitments of our discursive partners, such that one’s own commitments may be influenced by the other’s claims or by social routines. The two scenes above show this phenomenon quite clearly: Orhan first attributes the commitment (ii) to Ariane: Ariane may find a product, that allows her to structure the pattern. Later he acknowledges this commitment himself: I may find a product that allows me to structure the pattern (see fig. 2). The epistemological state of this commitment changes: once attributed to Ariane, Orhan now acknowledges this commitment himself. And both commitments (i) and (ii) now entitle him to commitment (iii). This short episode can show the discursive practice in this scene. This new commitment (iii) does not come by itself, but it is a product of attributing and acknowledging commitments in the discursive practice: “Competent linguistic practitioners keep track of their own and each other’s commitments (…). They are (we are) deontic scorekeepers. Speech acts, paradigmatically assertions, alter the deontic score; they change what commitments and entitlements it is appropriate to attribute, not only to the one producing the speech act, but also to those to whom it is addressed” (Brandom, 1994, p. 142). 

These empirical examples show the quality of insights that the analysis offers: the analytical units (commitments and inferences) allow us to both analyze the individual processes of concept formation as well as the social discursive practice and structure of the social setting within one theoretical perspective. Carefully reconstructing the practice of entitling and acknowledging individual commitments and their inferential relation can offer insights into the social and the individual dimension of individual concept formation. In the example above, Orhan first entitles a commitment to Ariane (ii) that he later acknowledges himself. Here we can observe the evolution of both Orhan’s new individual commitment and a social norm: Ariane seems to have the authority for Orhan to acknowledge this new commitment. Ariane’s commitment serves as a reason for Orhan to change his inferential structure in a way that her claim serves as a reason for his own acting. The reconstruction of the inferential relation shows the extent to which the social norms influence Orhan's individual norms – manifested by the reconstruction of individual commitments and inferences. In this perspective, the social and the individual dimension of mathematical learning cannot be separated. This result can expand the insights, that Cobb & Yackel gained by using a social and an individual analysis to describe both dimensions of classroom processes from complementary theoretical perspectives. Our theoretical framework offers a language that allows us to carefully observe the interplay between the social and the individual dimension of mathematical learning within one coherent perspective by reconstructing social norms as well as individual conceptual processes via commitments and inferences, that are being attributed or acknowledged. With the analytical units of commitments and inferences, the theoretical framework also allows a detailed and fine-grained analysis of the origination of new commitments and thereby new mathematical knowledge as well as the detailed discursive structure of the underlying norms by reconstructing the discursive practices of attributing and acknowledging commitments. In that perspective, a gap between the social and the individual can be bridged: this theoretical framework offers an analysis of individual thinking and acting within discursive practices.

Scene II: How Textbooks transport Social Norms

The following scene gives insights into Orhans’ dealing with dynamic figural patterns. This scene stems from a clinical interview about 10 days after the scenes above. The students in class have meanwhile worked on dynamic figural patterns. In the following interview scene, Orhan sees the first three elements of a given figural sequence
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Fig. 3  The first three elements of a given figural pattern 

The interviewer asks Orhan to continue the figural pattern. Orhan sees the first three patterns (bold circles) in fig. 4. Then, Orhan first counts the number of dots one by one in each element of the sequence and generates the difference between each number of dots. He writes “+4” and “+8” between the first three patterns (see fig. 4). After that Orhan first writes “+12” behind the third pattern and then he calculates “13+12=25”. Now, he draws 25 dots as the fourth pattern of the given sequence. After that he calculates the number of dots in the fifth pattern in exactly the same way: He says to himself “Multiple of 4” (Viererreihe) and writes “+16” to the left of the fourth pattern. He then draws a pattern with 41 dots (fig. 4). 
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Fig. 4  Orhan continues the sequence and draws the fourth and fifth pattern. 

After that scene, the interviewer asks Orhan to explain how he managed to draw the next patterns (fig. 5). 

	1
	I
	Please explain how you did your work?
	

	2
	O
	Ok. I had 1 (O points to the first pattern/ dot) +4 (O points to the second pattern) (...)
	iv: The designer of the task has visualized an arithmetic structure. 

v: The pattern of the sequence is: the increment increases every pattern with 4 dots. 



	4
	O
	And then I calculated 5+8=13. But then you have – or somebody who made the task, had chosen the sequence of multiples of 4.

4, 8, 12, then 13+12 equals 25

And 25+16 equals 41
	


Fig. 5: Transcript
This scene offers insights to many interesting phenomena, such as the algebraic and the geometric notion of Orhan’s commitments, the (arithmetic) strategy to continue a given (geometric) sequence and the transposition of commitments regarding Orhan’s development from dealing with static to dealing with dynamic figural patterns. These aspects offer insights into the inferentially connected commitments and concepts and into Orhan’s learning process. Especially the inferential relation between Orhan’s commitments offers important insights to his actions in the given situation. Like in the scene above, Orhan again counts the number of dots and determines differences between them. Here, we can reconstruct the commitment from the first scene again: (i): In a static dot-pattern I can determine the number of dots by counting them one by one. Orhan identifies an arithmetic pattern: (v) The pattern of the sequence is: the increment increases every pattern with 4 dots. Both commitments (i) and (v) now entitle him to determine the next pattern by applying the arithmetic structure to the (number of dots in the) third pattern: 13+12=25. Obviously, Orhan has quite many difficulties to identify a geometric pattern in the given sequence but he is very creative in finding the – quite complex – arithmetic structure of the pattern. This even becomes more obvious in his next step when drawing the next pattern: Orhan does not give respect to geometric structure of the first three given patterns. Instead, he draws the dots in a triangle-shaped way. Later, he will say, “The wall (triangle, F.S.) is easier for me.” A detailed analysis of these phenomena is discussed elsewhere (Hußmann & Schacht, 2015; Schacht, 2012). Here, we take a close look to the social and mathematical norms that are binding for Orhan’s behavior in this scene by reconstructing individual commitments. 

This analysis begins by taking a close look at the game of giving and asking for reasons, precisely by analyzing which commitments Orhan acknowledges himself and which commitments he attributes. In fig. 5, Orhan says: “I calculated 5+8=13. But then you have – or somebody who made the task, had chosen the sequence of numbers that can be divided by 4”. Here, we can reconstruct the following commitment (iv) that Orhan makes explicit in this scene: (iv) The designer of the task has visualized an arithmetic structure. Orhan attributes a commitment to a fictitious person who designed the task that he was given. Precisely, he attributes the commitment that somebody visualized the arithmetic structure of the sequence of numbers that can be divided by 4. At the same time, Orhan not only attributes this commitment, but he also acknowledges the commitment himself. 

So in this situation, where Orhan makes the pattern explicit, for him it seems to be a viable strategy to back up his own commitments with a fictitious task-designer. This inferential relation is essential for Orhan’s argumentation: Orhan is allowed and entitled to continue the pattern in his manner because this task-designer visualized the specific arithmetic structure. In this legitimation process, Orhan not only makes his own commitments explicit, but also the inferential relation between them. Hence, because Orhan makes his attribution to the fictitious task-designer explicit, he names the reasons that entitle him to continue the pattern the way he did. 

What does the textbook want to ask me?

This scene again offers insights into both the individual process of dealing in the given situation and the social setting this interview scene is embedded in. First, by reconstructing the individual commitments and inferences, it is possible to carefully analyze Orhan’s actions when dealing with the given sequence. Here, it is possible to have a close look at the strongly connected commitments that refer to a geometric and an arithmetic notion of the concept of pattern by analyzing his commitments and inferences regarding his analysis and drawing of the given pattern. 

But, moreover, we can observe the influence of social and mathematical norms that dominate his acting and his reasoning. Orhan’s commitments and inferences are reflected by the fictitious or epistemic individual that he attributes commitments to. In this way, Orhan does not only make his own commitments and inferences explicit. Moreover, by this attribution, his individual commitments get a material status and become an object of negotiation. Thereby, Orhan binds himself to a socio-mathematical norm that fits to his process of argumentation, since he discovered the arithmetic pattern. His commitments emerge along the line with an institutionally consolidated norm: in mathematics classroom, there are certain mathematical structures and mathematical objects that underlie the given tasks, which the students have to discover. 
This norm is closely related to his argumentation itself – and by analyzing his commitments and inferences, it is possible to identify and precisely distinguish this close connection between individual reasoning (in a psychological normative dimension) and the social norms that Orhan binds himself to (in a social dimension). In this theoretical perspective, both levels of social norms and individual thinking meet on one level. Or, to put it in other words: there is a strong interplay between the Orhan’s individual doing and reasoning with the norm that he binds himself to. 

To deepen that point, it helps to look at two different types of research interests that might be posed in this context and that are oriented at the two different background theoretical perspectives regarding the individual and the social: 

· From a psychological perspective, an adequate research question might look at the “development of students’ reasoning in specific mathematical domains” (Cobb, 2007, 19). Along with Sfard & Linchevski (1994) who did research on algebraic reasoning, or Vergnaud (1997), who did research on multiplicative reasoning, one could ask: What is unique for the students reasoning when dealing with geometric and arithmetic patterns? 
· From an interactionist perspective on the other hand, one might take a close look at the students’ “particular forms of reasoning as they participate in established cultural practices” (Cobb, 2007, 22) and interactional rules. In this case, along with Bauersfeld et al. (1988) or Voigt (1994, 1995), who did substantial work in this field, one could ask: What influence do textbooks have on students’ reasoning and which implicit norms do textbooks transport when they are being used by students?
· Finally, a perspective with both of these two views might even combine these two research questions in a way that Cobb (2007) promoted as theorizing as bricolage.

The results above show that the inferential perspective presented in this paper sheds new light on questions like the above. With a vocabulary that uses commitments and inferences, these two perspectives are no longer complementary nor are they dualistic. Instead, the theoretical framework allows us to closely examine the individual reasoning literally interacting with the (implicit) norms transported by the textbook. The language that the theoretical framework offers would let us put an adequate research question like this: Which commitments does the student attribute and acknowledge, and in which way are these commitments inferentially related? Answering this research question not only gains insight into the individual forms of reasoning and the (implicit) norms that underlie the educational situation within one coherent theoretical framework, like analyzed above; an answer to this research question can also make explicit the criteria that students have for binding themselves to certain norms. In the example above, Orhan did not choose a geometric-mathematical norm nor did he choose a typical classroom norm, such as, my teacher told me do always continue patterns like this! Orhan chose a norm that fitted to his mathematical thinking and action, since he discovered the underlying arithmetic structure. 

By analyzing commitments and inferences, it is one of the major insights that this fine grained analysis offers innovative new insights into the interplay of social norms and individual thinking: By reconstructing individual commitments and inferences, it is possible to analyze individual concept formation embedded in the surrounding norms. In this perspective, the social and the individual are being reconfigured: it is no more possible to distinguish between the psychological and the social analysis, because individual concept formation takes place within a normative setting and that is described with a inferentially based theoretical framework. 

4. Discussion and Outlook

This paper introduces a theoretical framework with a linguistic philosophical foundation (Brandom, 1994) to closely analyze processes of individual concept formation within the discursive practice. This framework uses individual commitments as smallest units of thinking and acting and inferences to carefully reconstruct mathematical learning. In this way of adopting the concepts of commitment and inference from a philosophical theory (Brandom, 1994) to mathematics education, commitments and inferences are the smallest unit of cognition. This perspective adds a new notion to our understanding of individual concept formation: In an inferential perspective, concepts cannot be understood without taking into account the commitments they are embedded in. According to Sellars, Brandom points out: “To grasp or understand a concept is (…) to have practical mastery over the inferences it is involved in—to know, in the practical sense of being able to distinguish, what follows from the applicability of a concept, and what it follows from.” (Brandom 1994, p. 89) This implies a new notion of concept formation itself, which can be seen as the development of individual commitments and their inferential relation. A detailed description of the potential of the theoretical framework is given elsewhere (Schacht & Hußmann, 2014, 2015; Schacht, 2012). 

Here, we outlined some facets of the theoretical framework, which effects a change of perspectives regarding the relation of the social and the individual dimension of mathematical learning. Traditionally, these two perspectives are seen to be complementary. Also, substantial work has been done in dealing with different theoretical approaches – always with the similar goal to broaden the possible perspectives on mathematical learning, starting with Cobb & Yackel (1996) up to Prediger et al. (2008) on networking theories. It is one of the main results to carefully make explicit the underlying principles, in order to make possible conflicting and background-theoretical contradictions explicit. In this context, we showed that the combination of a social and an individual psychological perspective extends the range of insights compared to using only one perspective alone. Still, we argue, the insights we get when combining an (individualistic) psychological perspective with a (social) interactionist perspective face some epistemological challenge, since these perspectives have some diverging theoretical routs. 

Moreover, we showed that analyzing the social and the individual dimension of mathematical learning from an inferential perspective not only allows us to pose a new kind of research questions using commitments and inferences. The results also show that the kind of results we get has a structure, which allows new insights into the relationship between these two dimensions. Precisely, we argue that an epistemological gap between these two dimensions can be bridged with this theoretical framework, since it is possible to analyze both dimensions within one theoretical perspective. Doing so, it is possible to overcome the very familiar dualistic relation that the social and the individual dimension of learning have. By reconstructing individual commitments and their inferential structure with respect to one’s own normative background of reasoning (one’s own commitments as reasons for one’s doing) as well as to the discursive and social norms, it is possible to extend our understanding of a normative analysis of mathematical learning. By reconstructing how far individual commitments inferentially relate to one’s own commitments or the commitments of our discursive partners, it is possible to both capture individual and social norms and – in line with that – individual and social facets of mathematical concept formation within one theoretical framework. 

The results presented above show very precisely how this interplay functions. The special kind of research question addresses the individual commitments and their inferential relation. The first example offers insights into an individual learning process within its discursive practice. A close look at Orhan’s commitments shows that a new commitment can be explained within the specific structure of the social norms that influence the discursive situation with Ariane. Learning and the emergence of new commitments can be reconstructed within the language game (Wittgenstein): precisely within the discursive practice of attributing and acknowledging commitments and their inferential relation. This scene may show that – having the given theoretical framework – there is no conceptual difference between the social and the individual dimension. 

Another major insight offered in the second scene is how strongly connected individual reasoning and the normative influence are in mathematics classroom. We can closely observe the interplay between social norms and individual reasoning since the example makes clear that Orhan chooses a certain norm that he binds his argumentation to that is closely connected to his mathematical doing while working on the task. 

To sum up, by describing the mutual act of attributing and acknowledging commitments, it is possible to reconstruct, to understand and to describe the social dimension of individual concept formation processes with only one analytical unit and against the backdrop of one coherent theoretical framework. Social norms and interactional influences may be identified as crucial parameters within the individual learning process. It is unique to the given theoretical framework to describe these influencing factors within the detailed structure of the discursive practice by analyzing the individual commitments. Hence, this paper presents a multi-perspective analysis of individual concept formation that can be used to reconstruct individual processes within the social discursive practice. 

Certainly, the many substantial work that has been done demonstrates that both the social and the individual dimension are necessary to better understand the phenomenon of learning. With the inferential theoretical framework, though, the social and the individual are no more dualistic poles with different underlying theoretical principles. Instead, the discussed framework reconfigures the two dimensions by offering a perspective-view: the social and the individual facet of mathematical learning appear to be parallel lines with a common vanishing point that can trace the aim to better understand the phenomenon of learning back to the task of closely observing individual commitments and their inferential relations. 
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